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ABSTRACT
Matter in nontrivial topological phase possesses unique properties, such as support of unidirectional edge modes on its
interface. It is the existence of such modes which is responsible for the wonderful properties of a topological insulator –
material which is insulating in the bulk but conducting on its surface, along with many of its recently proposed photonic
and polaritonic analogues. We show that exciton-polariton fluid in a nontrivial topological phase in kagome lattice, supports
nonlinear excitations in the form of solitons built up from wavepackets of topological edge modes – topological edge solitons.
Our theoretical and numerical results indicate the appearance of bright, dark and grey solitons dwelling in the vicinity of the
boundary of a lattice strip. In a parabolic region of the dispersion the solitons can be described by envelope functions satisfying
the nonlinear Schro¨dinger equation. Upon collision, multiple topological edge solitons emerge undistorted, which proves them
to be true solitons as opposed to solitary waves for which such requirement is waived. Importantly, kagome lattice supports
topological edge mode with zero group velocity unlike other types of truncated lattices. This gives a finer control over soliton
velocity which can take both positive and negative values depending on the choice of forming it topological edge modes.
Introduction
Various physical systems often demonstrate similarity in the underlying physical phenomena, which drives an idea of exploiting
well controllable systems for mimicking properties of the less controllable and the less accessible ones. A spectacular example
is the similarity between electronic and photonic systems1. It is therefore not surprising that with the fast rise of topological
insulators in the context of electronic systems2–4, topological ideas were also widely explored in photonic systems. Among the
pioneering works are the study of chiral edge states in photonic crystals5 where the Berry curvature for photonic bands was
introduced by analogy of electronic systems, photonic analogues of Hall effect6–8 and topological insulators9–12, as well as a
solid number of both theoretical and experimental works demonstrating the effects of non-trivial topology in electromagnetic
systems in the frequency range from radio to optics13.
Despite this success, however, optical circuits are not well suited for nonlinear effects to be directly incorporated while
realization of the time-reversal symmetry breaking, a common ingredient of topological phases, remains challenging. In this
respect, systems based on exciton-polaritons14, quasi-particles originating from the strong coupling of the quantum well-
excitons and cavity photons in microcavities, are at advantage. Being hybrid light-matter excitations, their photonic properties
allow an effective control with the use of optical potential profile, while their excitonic nature brings significant interactions
and a strong nonlinear response15–18. Moreover, due to the exciton spin, the time-reversal symmetry of an exciton-polariton
system can be conveniently broken by application of the external magnetic field. This makes polaritonic systems attractive both
from the point of view of applications in prospective polaritonic devices19, 20 and as a unique laboratory to simulate topological
properties of matter.
There had been several proposals for creating topologically nontrivial states of exciton-polaritons. In the last few years,
emergence of the non-trivial topology and existence of the topologically protected edge states in polaritonic lattices of different
geometry were addressed in a number of works21–27. Currently, the focus of attention in the study of the effects of non-trivial
topology shifts towards systems with nonlinearity, where exciton-polaritons, due to their unique properties, play a special role.
Among recent works where an interplay of nonlinear effects with nontrivial topology has been explored are studies of self-
localized states28, 29, self-induced topological transitions30, topological Bogoliubov excitations25, suppression of topological
phases31, vortices in lattices32, spin-Meissner states in ring resonators33, solitons in lattices34–37 and dimer chains38. In Ref. 27
it was observed that in a certain range of parameters kagome lattice possesses a highly nonlinear dispersion of topological edge
state, with a well pronounced minimum and maximum inside the bulk gap. In the present paper we show that such peculiar
dispersion leads to appearance of nonlinear edge excitations in the form of solitons. Such excitations turn out to be true solitons
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as opposed to solitary waves for which the requirement of restoring shape upon collision is waived39. In contrast to solitons
in the honeycomb lattice36 velocity of topological edge state solitons in kagome lattice can take values in a wide range from
positive to negative depending on the choice of quasimomenta of the constituting topological edge modes.
Results
Model of Polaritonic Kagome Lattice
In the tight-binding approximation the Hamiltonian for polaritons confined to an array of coupled microcavity pillars arranged
into a kagome lattice reads
Hˆ =Ω∑
i,σ
σ aˆ†i,σ aˆi,σ − ∑
〈i j〉,σ
(
Jaˆ†i,σ aˆ j,σ +δJe
2iϕi jσ¯ aˆ†i,σ aˆ j,σ¯ +h.c.
)
+∑
i,σ
(α1
2
aˆ†i,σ aˆi,σ aˆ
†
i,σ aˆi,σ +α2 aˆ
†
i,σ aˆi,σ aˆ
†
i,σ¯ aˆi,σ¯
)
. (1)
Equation (1) is a generalization of the linear model studied in Ref. 27 to account for polariton-polariton interactions. Here,
operators aˆ†i,σ (aˆi,σ ) create (annihilate) exciton-polariton of circular polarization σ = ± at site i of the kagome lattice, the
summation 〈i j〉 is over nearest neighbors (NN), angles ϕi j specify directions of vectors connecting the neighboring sites.
The first term in (1) describes the Zeeman energy splitting (2Ω) of the circular polarized components induced by external
magnetic field, the second term describes the NN hopping with conservation (term with J) and inversion (term with δJ) of
circular polarization, and the last term describes the on-site polariton-polariton interactions with effective constants α1 and α2
defined for the given pillar mode. The NN coupling with inversion of polarization arises due to the linear polarization modes in
neighboring pillars experiencing different tunnel barriers in presence of TE-TM splitting of the photonic modes23, 27, 40–42. In
what follows, we will use normalized units where J is a unit energy and the interpillar distance is the unit length (size of the
kagome lattice unit cell then equals 2 in these units, see Fig. 1a).
In the linear regime when the interactions in (1) can be neglected, the band structure of polaritonic kagome lattice was
calculated in Ref. 27. While the effect of Ω on the band structure is to shift energy dispersions of the two circular polarization
by the amount of Zeeman splitting, the non-zero δJ results in coupling of the two circular polarizations and an anticrossing
of the corresponding dispersion curves. Presence of both non-zero TE-TM splitting δJ and magnetic field Ω leads to a band
inversion associated with a topological phase transition and opening of a gap which separates the Bloch bands into two bundles,
each possessing a nontrivial topology27. The bulk-boundary correspondence from the theory of topological insulators (see,
e.g. reviews43, 44) suggests that on the interface between a topologically non-trivial phase and a topologically trivial one (or,
vacuum), there must exist topological edge modes (TEM).
While the number of TEM is a topological invariant and, therefore, is independent of the type of a boundary, the very
dispersion of TEM does depend on how the lattice is cut at its interface. The boundary with a row of pillars uncoupled
between each other (see, the bottom edge of the strip in Fig. 1a) is more prone to localization and thus generally exhibits flatter
dispersions of TEM compared to those where the sites are directly connected via NN coupling (e.g. the top edge on Fig. 1a).
Furthermore, the sign of the group velocity of edge states propagating along the “uncoupled” boundary (the bottom one on
Fig. 1a) can be reversed, see Fig. 1b. Such highly nonlinear dispersion turns out to be favorable for the existence of nonlinear
excitations of TEM in the form of solitons. In the following sections we will show that this is indeed the case and present our
analytic and numerical results.
Theory of nonlinear topological edge excitations in a 2D lattice
To study nonlinear topological edge excitations we employ the mean field approximation. We consider a strip of kagome lattice
with M sites in its unit cell, see Fig. 1a, and introduce vectors ψσm = (ψσm,1, ...,ψ
σ
m,M)
T composed of the spinor components
σ =± at each site of the mth unit cell, where index m enumerates the unit cells in the x direction (see Fig. 1a). Then, the time
evolution of the mth vector is described by the coupled system of equations
i∂tψσm =∑
τ
(
Hˆσ ,τ−1 ψ
τ
m−1+ Hˆ
σ ,τ
0 ψ
τ
m+ Hˆ
σ ,τ
+1 ψ
τ
m+1
)
+ Nˆσ (ψ+m ,ψ
−
m)ψ
σ
m, (2)
where Nˆσ (ψ+m ,ψ−m) is the diagonal matrix with elements[
Nˆσ (ψ+m ,ψ
−
m)
]
i j = δi, j
(|ψσm, j|2+α|ψ σ¯m, j|2) ,
parameter α ≡ α2/α1, and ψσm are normalized to ∑σ ,m〈ψσm,ψσm〉 ≡ ∑σ ,m, j[ψσ∗m ] j[ψσm] j = N/α1 with N being the total number
of polaritons in the system. Matrices Hˆσ ,τj , satisfy (Hˆ
σ ,τ
j )
† = Hˆτ,σ− j for all σ ,τ =±, j = 0,±1, which ensures hermiticity of the
Hamiltonian. In absence of interactions the stationary states of (2) are Bloch waves e−iµt+ikLmuσk where L is the spatial extent
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Figure 1. (a) A strip of kagome lattice. The strip is infinite along x but has a finite extent along the y axis. The sites marked
by black form a unit cell of the strip. The bottom boundary of the strip with a row of uncoupled sites supports the dispersion of
topological edge mode with the group velocity changing sign within the bulk gap as shown in Figure b. (b) Band structure for
exciton-polaritons in a strip of kagome lattice. Dispersion of edge states with reversed group velocity and a well defined
minimum and maximum lying within the bulk gap appears for a certain range of values of the magnetic field and TE-TM
splitting at the lower boundary made of sites without the nearest neighbor hopping (the bottom one in Figure a): in this
example, Ω= 0.3 and δJ = 0.15 in normalized units. The red and blue dots mark the regions where nonlinear solutions in the
form of bright and dark solitons are sought. The band structure beyond the edge of the first Brillouin zone at pi/2 is shown for
better display of the topological edge state dispersions.
of the unit cell in x direction and uσk are solutions to the eigenvalue problem
∑
τ
(
e−ikLHˆσ ,τ−1 + Hˆ
σ ,τ
0 + e
ikLHˆσ ,τ+1
)
uτk,n = µk,nu
σ
k,n for σ =±, (3)
where n enumerates the energy bands. Because the operator in the left hand side of (3) is self-adjoint, uσk,n forms an orthonormal
set,
∑
σ
〈uσk,n,uσk,m〉=∑
σ , j
[uσ∗k,n] j[u
σ
k,m] j = δn,m.
Let n= ne is the band index corresponding to one of the TEM dispersions as in Fig. 1b. Then, solution to the full problem (2)
can be sought in the form of a wavepacket centered around ke,
ψσm(ke, t) =∑
n
∫ pi/L
−pi/L
An(κ, t)uσke+κ,ne
i(ke+κ)Lmdκ ≈
∫ pi/L
−pi/L
A(κ, t)uσke+κ,nee
i(ke+κ)Lmdκ, (4)
where we assumed that a single TEM with n= ne and amplitude A(κ, t) dominates other modes. For the amplitude A(κ, t) to
be uniquely defined, one needs to fix a gauge of the basis vectors uσk,ne . It is always possible to choose a gauge such that the
equation
∑
σ
〈uσk,ne ,
∂
∂k
uσk,ne〉= 0 (5)
is satisfied at least within an open interval of k smaller than the Brillouin zone. While the real part of (5) is guaranteed by the
normalization, the imaginary part of (5) can be forced by the U(1) rotation of eigenvector phases. Substituting (4) to (2) and
forming a scalar product with uσke,ne we get∫ pi/L
−pi/L∑σ
[(
i
∂A(κ, t)
∂ t
−µke+κ,neA(κ, t)
)
〈uσke,ne ,uσke+κ,ne〉−A(κ, t)〈uσke,ne , Nˆσ (ψ+m ,ψ−m)uσke+κ,ne〉
]
eiκLmdκ = 0 (6)
for all m. By differentiating (5) we obtain
∑
σ
〈 ∂
∂k
uσk,ne ,
∂
∂k
uσk,ne〉+∑
σ
〈uσk,ne ,
∂ 2
∂ 2k
uσk,ne〉= 0. (7)
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The gauge condition (5) implies that the derivative ∂uσk,ne/∂k comprises excitations of all other bands but ne (in general, the
bulk bands and the other TEM branches). In particular, at k = ke,
∂
∂k
uσk,ne
∣∣∣
k=ke
= ∑
n6=ne
cnuσke,n. (8)
Expanding uσke+κ,ne into the Maclaurin series in κ and using (7) and (8), we get
∑
σ
〈uσke,ne ,uσke+κ,ne〉 ≈ 1−
1
2
κ2 ∑
n6=ne
|cn|2. (9)
Assuming the excitation of bands n 6= ne is weak, which is guaranteed by the large energy separation of the band ne from the
rest of the bands, we can neglect the contribution of the bulk bands in (6). Decomposing µke+κ,ne into the Maclaurin series up
to the 2nd order in κ and integrating, the Eq. (6) is reduced to
i
∂ A˜
∂ t
=
∞
∑
n=0
(−i)n
n!
µ(n)ke
∂ nA˜
∂xn
∣∣∣
x=Lm
+g|A˜|2A˜ for all x= Lm, (10)
where
A˜(x, t)≡
∫ pi/L
−pi/L
A(κ, t)eiκxdκ
is a function of time and continuous variable x, and
g≡∑
σ
〈uσke,ne , Nˆσ (u+ke,ne ,u−ke,ne)uσke,ne〉
is the effective nonlinearity parameter. For α ≥−1, which is the usual case for polariton interactions45, g can be proved to take
non-negative values only, g≥ 0, irrespective of uσke,ne , thus describing the defocusing nonlinearity. Finally,
ψσm(ke, t)≈ A˜(Lm, t)eikeLmuσke,ne . (11)
Using (9), we can analyze the validity of the applied approximation. Coefficients cn can be calculated from the standard
perturbation theory46, which gives
cn =
1
µke,ne −µke,n ∑σ ,τ
〈uσke,n,Vˆσ ,τuτke,ne〉, Vˆσ ,τ = iL
(
eikeLHˆσ ,τ+1 − e−ikeLHˆσ ,τ−1
)
. (12)
Thus, we can estimate
∑
n6=ne
|cn|2 ≤ 1∆µ2 ∑n 6=ne
∣∣∣∣∣∑σ ,τ〈uσke,n,Vˆσ ,τuτke,ne〉
∣∣∣∣∣
2
=
1
∆µ2
 ∑
σ ,τ,τ ′
〈Vˆσ ,τuτke,ne ,Vˆσ ,τ
′
uτ
′
ke,ne〉−
∣∣∣∣∣∑σ ,τ〈uσke,ne ,Vˆσ ,τuτke,ne〉
∣∣∣∣∣
2

≤ 1
∆µ2 ∑σ ,τ,τ ′
〈Vˆσ ,τuτke,ne ,Vˆσ ,τ
′
uτ
′
ke,ne〉, (13)
where we introduced the energy separation from the bulk modes ∆µ ≡minn6=ne |µ−µn| and used completeness of the basis set.
The last term in (13) can be estimated using the exact form (12) for the operator Vˆσ ,τ keeping only the hopping terms with
conserved circular polarization in the original Hamiltonian (1). This yields an estimate ∼ L2/∆µ2. Defining the average
〈 f (κ)〉A ≡
(∫ pi/L
−pi/L
|A(κ, t)|dκ
)−1 ∫ pi/L
−pi/L
|A(κ, t)| f (κ)dκ
and using (9), (13) and L= 2 we can obtain the criteria for validity of (10) and (11),
2〈κ2〉A ∆µ2, (14)
which is a restriction on the extent of wavepacket in k-space for a given energy separation from the bulk modes. Note, that an
obvious requirement of the independence of (11) of the choice of the kagome strip unit cell (note, that the choice of the unit cell
in Fig. 1 is not unique) requires either a weak dependence of A˜(x, t) on x (that is, a small 〈κ2〉A), or, a strong localization of the
edge mode near the boundary within the first few rows (ensured by large ∆µ2).
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Topological Edge Solitons
If the higher order terms in (10) can be neglected, the equation can be further reduced to the standard nonlinear Schro¨dinger
(NLS) equation. Disregarding the terms with n> 2, the solution to (10) can be written as
A˜(x, t) = exp
{
−iµket+ i
(v−µ ′ke)
µ ′′ke
[
x− 1
2
(v+µ ′ke)t
]}
a(x− vt, t), (15)
where v is an arbitrary real parameter, and a(x, t) satisfies the NLS equation
i
∂a
∂ t
+
1
2
µ ′′ke
∂ 2a
∂x2
−g|a|2a= 0. (16)
Note that (15) takes a form of Galilean transformation on the solution a(x, t) of the NLS equation, thus introducing dynamics of
the NLS solution a(x, t) with velocity v. For µ ′′ke < 0 Eq. (16) allows solutions in the form of bright soliton (see, e.g. Ref. 47),
abright(x, t) =
η e−i
1
2η
2gt
cosh
(
η
√
g
|µ ′′ke |
x
) , (17)
where η is an arbitrary real parameter. For µ ′′ke > 0, there arise dark,
adark(x, t) = ηe−iη
2gt tanh
η√ g
µ ′′ke
x
 , (18)
and, more general, grey solitons
agrey(x, t) = ηe−iη
2gt
cosθ + isinθ tanh
√ g
µ ′′ke
x+η cosθ gt
η sinθ
 , (19)
where η and θ are real parameters47. Note, that the grey soliton envelope (19) introduces a phase shift 2|θ |sgn(η) between the
amplitudes at limiting points x→±∞. As seen from (15), the parameter v plays role of the soliton velocity for the bright and
dark solitons of the Eq. (10), while the velocity of grey soliton, upon the transformation (15) is
vgrey = v−η
√
gµ ′′ke cosθ . (20)
Numerical results
We have performed simulations of the dynamics of topological edge solitons by solving the mean field model (2) numerically.
Our numerical calculations confirm the appearance of bright solitons of the type (17) whose velocities depend on the choice of
the soliton momentum ke with respect to the peak of the TEM dispersion on Fig. 1b. Due to a small energy separation from
the bulk modes near the maximum of the TEM dispersion, our analytical approach described above works well only for very
extended soliton profiles localized on a few dozens of unit cells. On the other hand, a well separated from the bulk modes,
nearly perfect parabolic, dispersion occurs near the edge of the first Brillouin zone at ke ≈ pi/2, see Fig. 1b. Owing to the
positive second derivative µ ′′ke,ne > 0, it is a region where dark and grey solitons in the form (18) and (19) are to be observed.
In our numerical simulations of the dynamics of dark and grey solitons, presented in Fig. 2, the TEM is excited at ke = 1.59,
E(ke) =−1.09, δJ = 0.15, Ω= 0.3, in the vicinity of the blue spot on Fig. 1b. The TEM dispersion µk,ne and the eigenstate
uσke,ne were found by solving numerically the eigenvalue problem (3). At the chosen value of ke, the second derivative of the
dispersion is µ ′′kn,ne ≈ 3.06 and the nonlinearity parameter g≈ 0.33 where we assumed α =−0.05 which is typical case for
polariton-polariton interactions. At the initial moment the TEM is tempered by the dark and grey soliton envelopes according
to the Eqs. (11), (15) with soliton profiles given by (18), (19) with η = 0.25, and excited at a distance from each other. The
Galilean transformation (15) has been applied with parameter v = 0.042, forcing the dark soliton to move to the right with
velocity vdark = v according to (15). The parameter θ for the grey soliton was taken to be 0.4pi which results in a grey soliton
moving to the left with velocity vgrey ≈ −0.036 upon transformation (15), according to (20). As seen from our numerical
calculations on Fig. 2, at t > 0 the dark and grey solitons move with constant velocities as set by (15), (18) and (19) while
keeping their shapes during propagation. Upon reaching t ≈ 900, scattering act occurs upon which dark and grey solitons
change sides, see Fig. 2. It it interesting to note, that no actual passing of solitons through each other occurs. Instead, the
interacting solitons stop at a distance from each other while exchanging their phase shifts. Upon the interaction, the emerged
dark soliton propagates to the right, while the emerged grey soliton keeps propagating to the left.
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Figure 2. (Color online) Simulation of collision of dark and grey solitons excited on the TEM propagating along the lower
boundary of the kagome lattice strip in Fig. 1a. The TEM is excited at quasimomentum ke = 1.59, E(ke) =−1.09 at
δJ = 0.15, Ω= 0.3, in the vicinity of the blue spot on Fig. 1b. At t = 0 initial conditions in the form of dark (18) (on the left)
and grey (19) soliton (on the right) with η = 0.25 have been taken upon applying the transformation (15) with v= 0.042. The
grey soliton parameter θ was taken to be 0.4pi . At t > 0 the dark and grey move with constant velocities until the scattering act
occurs at t ≈ 900, following which the dark and grey solitons exchange sides.
Discussion
Because the studied nonlinear topological edge excitations are formed from the TEM with energies inside the bulk gap, the
arising solitons are robust against interaction with the bulk modes. Note, that bright topological edge solitons arising here
should be distinguished from the gap solitons. Being formed from topological edge modes, bright topological edge solitons can
only propagate along the boundaries of the lattice, in contrast to gap solitons, which propagate inside the bulk.
We predict that in the setting presented here it will be easier to detect experimentally dark and grey solitons rather than the
bright ones. Indeed, as seen from Fig. 1b, at a fixed ke the separation from the bulk modes is much larger at the minimum of the
TEM dispersion (at ke ≈ pi/2) as opposed to the maximum of the TEM dispersion (at ke ≈ 1.3). Therefore, the condition (14)
is easier to satisfy for observation of dark and grey solitons. As an example, at k ≈ pi/2 the separation between the ne−1 and
ne+1 bands amounts 1.2 in normalized units. Note, however, that the criterion (14) does not prohibit the existence of solitons
in the regime when it is violated, rather, indicates that the nonlinear excitations can not be described in a simple mathematical
form (11) with envelopes satisfying the NLS-type equation (10).
In a possible experiment for observation of dark and grey edge solitons, the TEM should be first excited by irradiating the
lattice with laser (see, e.g., recent experiment48 where edge states in polaritonic honeycomb lattice were observed). Once the
TEM is excited, a distortion of the pumped radiation should be introduced whose magnitude and spatial profile will define the
size and number of the emerging dark and grey solitons. The velocity of propagation of solitons can be controlled by the angle
of incidence and frequency of the pumped radiation. In order to excite topologically protected edge states one needs to open
energy gap in the band structure. Value of the coupling strength J for experimentally fabricated microcavity pillars typically
lies in the range 0.1 to about 1 meV17, 48–50 and can even reach 2.5 meV in open cavity systems51. For J = 700 µeV realization
of the dispersion as in Figure 1 requires Ω≈ 200 µeV and δJ ≈ 100 µeV , which is within the experimental reach. Moreover,
opening a large gap is not necessary if topological dark and grey edge solitons are to be observed. Indeed, our numerical
calculations show that propagation of dark and grey edge solitons is possible even when the minimum of the topological edge
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state dispersion falls below the energy of the bulk bands, e.g. at Ω= δJ = 70 µeV , J = 700 µeV, and even further, until the
gap collapses at Ω= δJ = 0. In this regime, however, the edge modes on which dark and grey solitons reside are no longer
topologically protected and can be prone to polariton parametric scattering processes52–56.
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